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In this work, we show theoretically how the trajectories of an optical beam propagating in a planar-
homeotropic hybrid nematic crystal cell can be modified by applying a low frequency electric field perpen-
dicular to the cell. We use a previously developed formalism for describing the propagation of a polarized
beam through the cell. We include a low frequency electric energy for the calculation of the equilibrium
orientational configurations of the director’s field. The presence of the electric field gives rise to trajectories
showing a nontrivial dependence of the beam’s range and penetration length with the intensity of the applied
electric field.
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Liquid crystals are materials that have anisotropic proper-
ties, in particular nematic liquid crystals are, from the optical
point of view, uniaxial materials. By a proper treatment of
the boundaries that confine the liquid crystal it is possible to
achieve a configuration in which the orientation of the mol-
ecules changes continuously from one substrate to the other.
In particular, when the average orientation of the molecules
is perpendicular to the substrate where the beam is penetrat-
ing and parallel to the other one, the effective refractive in-
dex coupled to the beam’s extraordinary polarization will
decrease continuously[1]. This leads to a continuous bend-
ing of the rays toward the region of higher refractive index
[2]. Even more, it was shown[1,3,4] that if the substrates
have a refractive index larger than those of the nematic, this
will lead to a bending trajectory inside the liquid crystal cell
similar to a mirage effect in an isotropic medium.

On the other hand, the local orientational state of a liquid
crystal can be modified by the application of low frequency
fields. Therefore the local optical axis and its associated re-
fractive index gradient can be modulated by the low fre-
quency electric field. Then, it is possible to electrically con-
trol the penetration length, the path, and the range of the
beam traveling inside a liquid crystal cell. This phenomenon
can be used as the base for a beam steering device or a
multiplexor device.

In this Brief Report we show the possibility to electrically
control the range and the depth of penetration of a linearly
polarized beam incident on a nematic hybrid cell when total
internal reflection conditions are satisfied.

The system under study consists of a pure thermotropic
nematic confined between two parallel substrates with refrac-

tion indicesNt and Nb, respectively, as depicted in Fig. 1.
The cell thicknessl, measured along thez axis, is small
compared to the dimensionL of the cell plates. The directors
initial configuration is spatially homogeneous along thex-y
plane and varies withz so that at the boundaries the director

n̂ = „sin uszd,0,cosuszd… s1d

satisfies the hybrid boundary conditions

usz= 0d = 0,
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FIG. 1. Illustration of a pure thermotropic nematic confined be-
tween two parallel substrates. A TM mode is traveling along the
hybrid nematic.Nb,Nt.ni ,n'.
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usz= ld =
p

2
, s2d

whereuszd is the reorientational angle defined with respect to
the z axis.

A low frequency uniform electric fieldE0, parallel to thez
axis, is applied. Then, the equilibrium orientational configu-
rations of the director’s field are specified by minimizing the
total Helmholtz free energy functional as shown in Ref.[4].
Considering a uniaxial medium for which the dielectric ten-
sor «i j has the general form

«i j = «'di j + «anifuszdgnjfuszdg, s3d

where «' and «i are the dielectric constants perpendicular
and parallel to the director and«a;«i−«' is the dielectric
anisotropy, and assuming the equal elastic constants approxi-
mation in which the elastic constants associated with the
splay, twist, and bend deformations are described by a single
constantK, then, the free energy functional turns out to be

F =E
V

dVF1

2
KSdu

dz
D2

−
E0

2

8p
f«' + «a cos2 uszdgG . s4d

The first and second terms of this equation represent the
elastic and electromagnetic contribution of the free energy
densities, respectively. The stationary configuration is then
obtained by the corresponding Euler–Lagrange equation
which reads

d2u

dz2 − q sin 2uszd = 0. s5d

Here we have used the dimensionless variablez;z/ l and the
parameterq; «̃aV

2/8pK which denotes the ratio between
the electric energy and the elastic energy densities; in this
sense, it measures the coupling between the electric field and
the nematic. Here«̃a is the low frequency dielectric aniso-
tropy andV;E0l is the applied voltage.

An obliquely incident laser beam withP polarization(P
wave), that is, contained in the incidence planex-z, impinges
the nematic with an incident anglei. The intensity of the
beam is low enough so that it does not distort the nematic’s
configuration. The dynamics of this optical field is described
by the corresponding Maxwell’s equations which contain the
dielectric tensorei j , Eq. (3), and therefore depend onu. The
procedure to solve them has been carried out in detail for a
hybrid cell similar to the one considered here[5], and it is
found that there is a regime for the incidence anglei where
the ray trajectory exhibits a caustic; that is, where it bends
and remains inside the cell until it returns back toward the
incidence substrate(see Fig. 2). This trajectory is given by
[5]

y = x +E
0

z

dh
«xz7 pÎ«'«i/Î«zz− p2

«zz
. s6d

In this equation the dimensionless variablex;x/ l has been
introduced andp;Nb sin i is the ray component in thex
direction.y is a constant that is determined by the incident
point of the beam on the cell. The7 sign in Eq.(6) corre-

sponds to a ray traveling withk in the ±z direction, that is,
going fromA to B and fromB to C, respectively(see Fig. 2).

In order to find the steady-state orientational configuration
we need to solve Eq.(5) subject to the boundary conditions
Eqs. (2). Numerically, we do this by using the “shooting”
method[6], in which a search for initial conditions consistent
with original boundary conditions is performed. The results
for the orientational configuration are shown in Fig. 3. We
see that as we increase the intensity of the electric field, the
director tends to align to thez axis and it does not grow
linearly with z as in the case of zero electric field.

As explained in Ref.[4], there are two regimes fori. The
first one corresponds toi − ic,0, with ic a critical angle,
where all the rays always reach the top substrate and part of
the ray is transmitted to the top plate. On the other hand, the

FIG. 2. Beam trajectory showing a caustic.zc is the ray
penetration.

FIG. 3. Orientational angle of the directoruszd as a function of
z, for different values ofq=0,2,4,6,8, and 10.
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second regime corresponds toi − ic.0, namely, when the ray
does not reach the top substrate and it is reflected back to the
inside of the cell. Here we will be interested only in the
second regime.

In Fig. 4 we show the trajectory of the beam, as calculated
from Eq. (6), for q=10 and for different values of the inci-
dence angle. The parameters used in this figure wereni

=1.735,n'=1.506,l=632.28, andNb=Nt=1.81. As we
can see, the range of the beam does not necessarily decrease
monotonically as we increasei, in contrast to the case of zero
electric field.

The position of the causticzc, that is, the ray penetration
length, always decreases wheni − ic increases for all values
of q, as it is shown in Fig. 5. The angleic2, for which the
beam no longer penetrates the liquid crystal cell and at which
it is reflected back to the lower substrate, is found from the
condition 0=arccosÎsp2−«'d /«a and takes the valueic2
=73.45°si − ic=17.15°d.

The range of a bending rayxmax may be calculated from
Eq. (6) with u=0. Figure 6 shows the range of the beam

trajectory as a function of the(shifted) angle of incidencei
− ic. Two different kinds of behavior can be seen. For values
of q close to zero, the range decreases monotonically with
i − ic, but for larger values ofq, the range, first decreases and
then increases withi − ic. In all cases, as we approach the
critical angle ic, the range diverges to infinity due to the
1/x-type divergence in Eq.(6). In this critical case, the beam
grasps the top substrate and continues propagating parallel to
it. Also, for high values ofq, as we approachic2, the range
may reach very large values.

Finally, in Fig. 7 we show the range as a function ofq for
different values of the(shifted) angle of incidence,i − ic. We
observe a complex behavior: Fori close toic the range de-
creases but as we increase the value ofi, the range may
increase and then decrease(see, for example, the casei − ic
=7 in Fig. 7) while for larger values ofi the range increases
with q.

FIG. 4. Beam trajectories forq=10. ic=56.3°.

FIG. 5. Position of the causticzc as a function of the(shifted)
angle of incidencei − ic, for different values ofq.

FIG. 6. Dimensionless range of a bending rayxmax as a function
of the (shifted) angle of incidencei − ic, for different values ofq.

FIG. 7. Dimensionless range of a bending rayxmax as a function
of q, for different values of the(shifted) angle of incidencei − ic.
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This peculiar dependence can be explained in terms of the
coherence length of the field:lc= l /Îq [7]. When i , ic the
range is really large, furthermore, it diverges fori = ic. Now,
by increasing the field, the region where the refraction index
is varying continuously is compressed to a smaller region
located above the top substrate whose thickness is given by
l − lc. Thus the curved trajectory is reduced to a smaller re-
gion while in the rest of the nematic, the beam propagates
following straight lines because there the nematic is almost
uniformly aligned withE0. This compression therefore re-
duces the range because the straight portions of the trajectory
almost do not contribute to this range since fori , ic its com-
ponent alongx is small. If otherwisei is farther fromic, the
range and the penetration lengthzc are smaller than those for
i , ic. As discussed above, enlargingq leads also to a reduc-
tion of the continuously varying index region which now is
smaller than that of the former case. However, the straight
line portions of the trajectory are enlarged by increasingq
contributing more to the range because its direction is nearer
to x.

In summary, we have calculated the optical path for a
linearly polarized beam traveling in a hybrid nematic cell
subject to a low frequency electric field perpendicular to the
cell. We have shown that the range and the penetration length
can be modified by varying the applied voltage. For example,
for a typical nematic«̃a=13 andK=10−11, then, forq=10 the

applied rms voltage isV.1.2 V. This yields for a cell with a
thickness of 100mm and for i = ic+16°.69° a range of
xmax.1 mm and the corresponding penetration length of
zc.50 mm. Therefore this effect could be used for the de-
sign of optical devices. For instance, by combining this hy-
brid cell with a hemisphere, the output beam can be steered
by a refraction process at the hemisphere-air interface since
the secondary reflection will leave the hybrid cell far from
the center of the hemisphere. It should be remarked that it is
expected that most of the energy will leave at the secondary
reflection since the incident angle is far from the critical
angle between the homeotropic layer and the substrate.

Another possible application consists in using this nem-
atic cell as a multiplexor for switching among various optical
fibers. Because the beam’s range can be electrically con-
trolled, the cell can be used to locate the outgoing beam in
various cells’ positions where some optical fibers were pre-
viously coupled. It should be remarked that the beam’s out-
put angle does not change by varying the applied voltage,
simplifying considerably the optical coupling procedure with
the exit fibers.
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